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Spin-glass–like aging in colloidal and granular glasses
Beatriz Seoane∗a,b and Francesco Zamponia
Motivated by the mean field prediction of a Gardner phase transition between a “normal glass”
and a “marginally stable glass”, we investigate the off-equilibrium dynamics of three-dimensional
polydisperse hard spheres, used as a model for colloidal or granular glasses. Deep inside the
glass phase, we find that a sharp crossover pressure PG separates two distinct dynamical regimes.
For pressure P < PG, the glass behaves as a normal solid, displaying fast dynamics that quickly
equilibrates within the glass free energy basin. For P > PG, instead, the dynamics becomes
strongly anomalous, displaying very large equilibration time scales, aging, and a constantly in-
creasing dynamical susceptibility. The crossover at PG is strongly reminiscent of the one observed
in three-dimensional spin-glasses in an external field, suggesting that the two systems could be
in the same universality class, consistently with theoretical expectations.
1 Introduction
The Gardner transition is an exotic spin-glass phase transition that
was discovered independently in 1985 by Gardner1 and by Gross,
Kanter, and Sompolinsky2. It happens in a broad range of mean
field spin-glass models, that belong to the discontinuous random
first order transition (RFOT) universality class3–7. The physics of
these models is the following. At high temperature T , there is
a single paramagnetic phase. Upon lowering the temperature, a
discontinuous dynamical glass transition is met at T = Td, at which
the dynamics become arrested, while the equilibrium properties
display no singularity. At any temperature T < Td, a large num-
ber of infinitely long-lived metastable glassy states are present.
These states fully trap the dynamics and ergodicity is broken,
but if prepared inside any of them, the system can fully equili-
brate in a short time. One can then prepare a system in equi-
librium in the arrested phase, at an initial temperature Tg < Td,
and change the temperature to a value T < Tg. The system re-
mains confined in the original glass state, whose evolution can
thus be followed in a restricted, metastable equilibrium8–12. Dur-
ing this process, each individual state might undergo a continuous
spin-glass phase transition at a temperature TG(Tg) < Tg, called
the Gardner transition10,11,13,14. Below the Gardner transition,
T < TG(Tg), the glass state is described by a full replica symme-
try broken (fullRSB) structure, discovered by Parisi15, that also
describes the low-temperature phase of usual mean field spin-
glasses16.
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The RFOT universality class is known to provide a mean field
theory for the structural glass transition of particle systems17–24.
In particular, a d-dimensional hard sphere liquid in the limit of
d→ ∞ realises precisely the RFOT scenario17,25–29, with temper-
ature T being replaced, as control parameter, by packing fraction
ϕ or pressure P. Yet, despite the fact that (i) the analogy between
the structural glass transition and RFOT spin-glass models, and
(ii) the presence of a Gardner transition in the latter models, are
both well known since the 80s, no attempt to look systematically
for a Gardner transition in structural glasses has been made, until
very recently.
The situation changed dramatically when it was realised that
hard sphere glasses, close to the jamming transition30–32 (i.e. the
infinite pressure limit), are marginally stable33–41. Marginal sta-
bility is naturally described, at the mean field level, by the Parisi
fullRSB construction16, thus motivating the search for a Gard-
ner transition in structural glasses. Such a transition was indeed
found27,29 in the limit d → ∞. It was then found29,42,43 that
the resulting fullRSB construction in d→ ∞ provides an accurate
quantitative description of the criticality and marginality of jam-
ming in any dimension d ≥ 2, leading to the conjecture44 that the
lower critical dimension for jamming might be equal to d = 2.
The existence of a Gardner transition to a fullRSB phase in
structural glasses might have deep implications for their proper-
ties. In fact, marginal stability strongly affects the low-frequency
vibrational density of states45–47, the elastic48 and rheologi-
cal49–53 properties of the solid, and its low-temperature trans-
port properties54. These theoretical results motivated the pro-
posal that marginal stability could be a unifying principle behind
many anomalies of amorphous solids27,39,41,45, and the search
for a Gardner transition in a broad range of systems, both in nu-
merical simulations51,55–59 and experiments60,61. Currently, it is
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believed that 3d Lennard-Jones–like systems, that are good mod-
els for metallic and molecular glasses, generically do not show a
Gardner transition57,58, while 3d hard sphere systems, that are
good models for granular and colloidal glasses, display several
anomalies at high pressures51,55,56, that suggest the existence of
a sharp Gardner crossover, if not a true transition. However, a
careful investigation of the nature of both the crossover and the
new phase has not yet been performed.
In this work, we study the nature of the Gardner crossover
in 3d hard sphere glasses. We report a careful study of the
off-equilibrium dynamics after an instantaneous compression
(“crunch”) from the equilibrium, dynamically arrested, super-
cooled liquid phase, to a state at higher pressure P, deep in the
glass phase. For mild compressions, the dynamics relaxes to the
metastable glass equilibrium on short times. For compressions to
a higher pressure, a long time scale emerges. The dynamics is un-
able to ergodically sample the glass basin, it displays aging, and
a susceptibility that grows in time.
We also present results for the 3d Edwards-Anderson spin-glass
model with a magnetic field, which display the same qualitative
behavior. This comparison suggests that the 3d spin glasses in a
field and 3d colloidal glasses probably fall into the same univer-
sality class, as it happens in d → ∞ and as it is generically ex-
pected from the theory, because in both systems there is no spon-
taneous symmetry breaking apart from the replica one48,62–64.
In both systems, the dynamics becomes extremely slow around a
crossover, due to a cooperative phenomenon associated to a grow-
ing correlation length, but the length grows so slowly (roughly
logarithmically) with time that deciding whether a true diver-
gence (i.e. a phase transition) or just a sharp dynamical crossover
are observed is extremely tricky65. Note that the analogy be-
tween the dynamics of glasses and the d = 3 Edwards-Anderson
spin-glass in a field had also been previously proposed in simula-
tions (see Ref. 66), although in a different region of the phase dia-
gram. Also, note that a RFOT theory of nucleation effects in hard
spheres has been recently developed67, which gives predictions
about how marginal stability is modified in three dimensions.
Our results are interesting for the physics of colloidal and gran-
ular glasses, because they show that important dynamical anoma-
lies are to be expected deep in the glass phase, consistently with
the experimental results of Ref. 60. Moreover, we introduce a set
of simple dynamical observables that can be measured in experi-
ments to reveal the growing length and time scales associated to
the Gardner crossover.
2 Simulation details, preparation protocol,
and main observables
We simulate a system of N three-dimensional (3d) polydisperse
hard spheres, precisely identical to the one investigated in Ref.
56. In particular, the size polydispersity is chosen to be continu-
ous, where each particle diameter σ is taken from a distribution
P(σm ≤ σ ≤ σM) = A/σ3, where σm/σM = 0.4494. This choice for
the polydispersity allows one, at the same time, to prevent crystal-
lization and to equilibrate the system via an optimized simulation
algorithm (see below) up to unusually high densities68. Most of
the results are reported for N = 1000 but we also explored other
sizes to quantify the finite size effects. All the quantities below are
given in units of the mean particle diameter (length scale), the
temperature (energy scale), and the particle mass (time scale)56.
A set of initial configurations at three distinct packing fractions
ϕ` = 0.565, ϕg1 = 0.619 and ϕg2 = 0.630 (Fig. 1) have been pre-
pared using an event-driven Molecular Dynamics (MD) code∗, in
which in addition to MD steps, from time to time particles are
swapped, allowing for fast equilibration up to extremely high val-
ues of densities68. At density ϕ` = 0.565, the relaxation time of
the standard MD without swap is short compared with the acces-
sible times, so the system is liquid. At densities ϕg1 and ϕg2 , the
standard relaxation time of the MD dynamics is much larger than
the accessible times of the simulation, so the system is in a dy-
namically arrested supercooled liquid phase68. Note that in the
following we will carefully distinguish a “dynamically arrested
supercooled liquid”, which is an equilibrium liquid whose relax-
ation time is much larger than the experimentally accessible time
scale, from a “glass” which is a state obtained by compressing
off-equilibrium a dynamically arrested system. For each initial
density, Ns = 20 (40 for the highest pressures) independent equi-
librium configurations have been prepared (both concerning the
radii and the positions of the particles). We refer to these initial
configurations as our “samples”.
These equilibrated configurations are used as input to a stan-
dard constant-pressure Monte Carlo (MC) code that mimics the
physical evolution of the system: this means that swaps be-
tween particles are no longer allowed, and only individual lo-
cal movements of particles, together with global changes of the
volume to keep the pressure constant, are proposed. Moves are
accepted with a standard Metropolis weight. The target pres-
sure P of the MC code is set to a larger value than the initial
equilibrium pressure, i.e. the system is instantaneously com-
pressed (“crunched”)69,70 from the initial equilibrium pressure
to the target pressure P. With the objective of fixing the time-
scale and keeping the acceptance rate of the proposed volume
dilation/contraction moves around 0.3 at the final density, we fix
δV ∝ 1/(PN) (note that the probability that two distinct parti-
cles overlap grows with the system size). In addition, we pro-
pose single-particle moves randomly distributed within the cube
of side e−10Rδ r, where R∈ [0,1) is a uniformly distributed random
variable, and δ r= 1/P (to take into account that the cage size de-
creases linearly with the pressure), being L the linear size of the
system. The random exponential term is introduced to encourage
relaxation at high pressures, which requires both long and very
short displacements. Note that with this choice of parameters,
the bigger the system, the slower the compression of the system
is after the quench, but once the volume has converged to its fi-
nal value, there is almost no effect of N in the dynamics. We will
come back to this point in Section 3.5.
Following Ref. 56, each equilibrium configuration is com-
pressed independently (i.e. using a different seed for the random
∗The swap-MD code has been written by Yuliang Jin who kindly provided us the
initial equilibrated configurations, from Ref. 51.
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Fig. 1 Phase diagram. Phase diagram in the inverse pressure 1/P vs
packing fraction ϕ plane. The dashed line is the supercooled liquid equi-
librium equation of state, from Ref. 56, on which the three initial state
points are selected at ϕ` = 0.565, ϕg1 = 0.619 and ϕg2 = 0.630. The black
pentagon marks the location of the dynamical glass transition ϕd, also
from Ref. 56. The circles indicate the estimate of the Gardner crossover
obtained in Ref. 56. The crosses, open squares, and full squares indicate
the off-equilibrium equations of state obtained in this work, by compres-
sion from the three initial densities. For later reference, we include the
values of pressure P for several of the plotted points on the right-side
vertical axis.
number generator of the MC code) several times, leading to a
set of Nc = 41 (81 for the highest pressures) “clones” dynamically
evolving at constant target pressure P. We denote by tw the time
elapsed since the initial crunch, and we measure the subsequent
evolution of several observables as a function of time. Besides
the instantaneous density ϕ(tw), following previous work55–58,
we focus our attention on the mean square displacement (MSD)
of particles in each clone between time tw and t+ tw, defined as
∆(t+ tw, tw) =
1
N
N
∑
i=1
〈|~ri(t+ tw)−~ri(tw)|2〉 , (1)
and the MSD between particles in two distinct clones (denoted
A and B) of the same initial configuration at the same time tw,
{~rAi (tw)} and {~rBi (tw)}, defined as
∆AB(tw) =
1
N
N
∑
i=1
〈|~rAi (tw)−~rBi (tw)|2〉 . (2)
In practice, to avoid spurious contributions from small particles
diffusing in the holes of large ones, the sums over i have been
restricted to the N/2 largest particles. Here, 〈 • 〉 refers to the dy-
namical average, computed as the average over all the clones of
the same sample, while • refers to the average over all the sam-
ples with the same initial density. To increase the statistics, the
dynamical average of ∆AB is computed using all the Nc(Nc−1)/2
possible pairs of A and B clones, but the error bars are computed
by taking into account the correlations between pairs using the
jack-knife method71.
In addition, we introduce the displacement of individual parti-
cles ui(t, tw) = |~ri(t+ tw)−~ri(tw)|2, and following Ref. 57 we intro-
duce a susceptibility
χ(t, tw) = χm(t, tw) (3)
with χm(t, tw) =
∑i j [〈ui(t,tw)u j(t,tw)〉−〈ui(t,tw)〉〈u j(t,tw)〉]
∑i[〈ui(t,tw)2〉−〈ui(t,tw)〉2]
, (4)
where χm(t, tw) represents the susceptibility of sample m. Note
that this quantity is computed only using single clones, which
means that the dynamical average is performed over the Nc
clones. Similarly, defining uABi (tw) = |~rAi (tw)−~rBi (tw)|2 as the rela-
tive displacement of two clones, we can introduce
χAB(tw) = χmAB(tw) (5)
with χmAB(tw) =
∑i j [〈uABi (tw)uABj (tw)〉−〈uABi (tw)〉〈uABj (tw)〉]
∑i[〈uABi (tw)2〉−〈uABi (tw)〉2]
. (6)
Here, the dynamical average of χmAB(tw) is computed using all the
Nc(Nc− 1)/2 possible pairs of A and B clones in sample m. Both
susceptibilities, by their definition, are equal to 1 if ui and u j are
uncorrelated for all i 6= j, while otherwise they give an estimate
of the correlation length of particle displacements (raised to an
unknown power).
Note that while the measurement of ∆AB(tw) and χAB(tw) re-
quires the artificial cloning procedure, which is very difficult (if
not impossible) to implement in experiments, the measurement
of ∆(t, tw) and of χ(t, tw) is straightforwardly achievable in experi-
ments60. In the following we will present results for both kind of
observables computed always using a combination of 20-40 sam-
ples and 41-81 clones. Nevertheless, in the Appendix, we discuss
in details the dependency of the statistical errors on the choice
of Nc and Ns, and the particular case (relevant for experiments),
where no clone is considered.
3 Results: hard spheres
3.1 Dynamics from the ergodic liquid phase
In Fig. 2a, we report the evolution of the packing fraction ϕ(tw)
after a crunch from the liquid phase at initial density ϕ` = 0.565.
In this case, after a rapid growth on short times, the packing frac-
tion continues to evolve slowly (almost logarithmically in tw) and
never reaches a stationary value. Note that for the largest pres-
sure P = 323, the compactification dynamics starts to slow down
considerably. This is due to our Monte Carlo procedure, in which
despite our careful choice of moves, the proposed changes of vol-
ume are not accepted frequently enough at too high pressure.
This limits the accessible range to P . 400. The values of ϕ for
the largest tw are reported in the phase diagram of Fig. 1. They
form a line that originates from the equilibrium dynamical tran-
sition point ϕd ≈ 0.594 (the point at which the equilibrium liquid
relaxation time effectively diverges) and ends around ϕ ≈ 0.66
at infinite pressure. In mean field, this line would correspond
to the threshold line13,14,29,72 where glassy metastable states first
appear for a given pressure P. We would like to point out that the
determination of this line depends on the time-window studied,
although it is expected not to change too much with the original
liquid state density ϕ` (in the accessible time window) as long as
ϕ` is well below ϕd. As long as ϕ` approaches ϕd, the final point
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Fig. 2 Dynamics after a crunch. We show the evolution of different dynamical observables after a sudden crunch from the ergodic liquid (ϕ` = 0.565)
(top panels) and the dynamically arrested liquid (ϕg1 = 0.619) (bottom panels). (a,e) Densification dynamics: evolution of the packing-fraction ϕ with
tw, the time elapsed since the quench, for different final pressures. While the liquid (a) displays extremely slow evolution, the glass (e) quickly converges
to its final value. As a guide for the eye, we mark the last value of ϕ(tw) with a dashed horizontal line. (b,f) Aging in the mean-squared-displacement
(MSD): we show ∆(t, tw) for three final pressures P and three different tw. Again, the liquid (b) displays traditional aging behavior for all the pressures,
i.e. the development of a plateau of caging dynamics, followed by diffusion at longer times. The situation in the glass is different (f): at low pressures
no aging or diffusion is observed in the simulated window of times, while strong non-diffusive aging is observed for pressures above a well defined
crossover at P∼ 97. (c,d,g,h) Ergodicity breaking: Comparison between ∆(t, tw) as function of t for the highest tw (tw/100= 215) and the mean-squared
distance between clones, ∆AB(tw) vs tw. Because the liquid (c) does not display constrained dynamics at low pressures, the different clones are free
to separate, giving, as a result, large values of ∆AB even beyond the plateau of the MSD. On the contrary, in the glass (g), both ∆AB and ∆ converge to
the same plateau value for P. 97, evidentiating the thermalization within the glass basin, while both values clearly differ at high pressures. In (d) and
(h) we show (for different values of tw) ∆(tmax, tw), with tmax the higher t available for each tw, and ∆AB(tw) as function of the pressure P. The splitting
between ∆AB and ∆ at high pressures in the glass (h) suggests a breaking of ergodicity beyond the Gardner crossover.
of the line, which corresponds to the jamming point, moves to
higher values of ϕ, as discussed in Ref. 73. We have checked these
results by simulating a second liquid line starting from liquid con-
figurations at ϕ`2 = 0.59 (data can be found in the Appendix). As
expected, the new off-equilibrium equation of state also begins
at ϕd but displays a slightly different slope, ending in a slightly
higher value of ϕ. Yet, the dynamics along this second line are
qualitatively very similar to those of ϕ` = 0.565 so we will not dis-
cuss them any further. Nevertheless, for completeness we report
a figure analogous to Fig. 2 for ϕ`2 = 0.59 and ϕg2 = 0.630 in the
Appendix.
In Fig. 2b, we report the evolution of the MSD ∆(t, tw) for the
same crunch from the liquid phase. As in the standard dynamics
of glasses quenched from the liquid phase22,23,72, upon increas-
ing tw, we observe the formation of a plateau at intermediate
times t in the MSD, whose value becomes smaller with increas-
ing tw. For larger tw, the plateau stabilises at its asymptotic value,
but still at large t the MSD is observed to depend sensibly on
tw, which is the well-known phenomenon of aging22,23,72. Older
glasses (larger tw) display diffusive behavior at larger times t.
In Fig. 2c, we report the evolution of the MSD between clones,
∆AB(tw), for the crunch from the liquid. We observe that ∆AB(tw)
quickly reaches large values, much larger than the individual
∆(t, tw) of a single clone, indicating that very early during the
densification process, the two clones have separated into distinct
glass basins in which each of them is becoming trapped. This is
due to the fact that the initial configuration at ϕ` = 0.565 is not
dynamically arrested, leaving each clone free to diffuse in a dif-
ferent direction in phase space.
The results for the crunch from the liquid phase are sum-
marised in Fig. 2d, where we report the values of ∆AB(tw) and the
long time limit of ∆(t, tw), for several values of tw, as a function
of pressure P. We observe that at all pressures, ∆AB(tw) remains
much larger than ∆(t, tw), and the separation increases with in-
creasing tw, corresponding to the fact that, while aging proceeds,
individual clones are increasingly trapped into distinct regions of
phase space.
3.2 Dynamics from the dynamically arrested liquid phase
In Fig. 2e, we report the evolution of the packing fraction ϕ(tw) af-
ter a crunch from the dynamically arrested liquid phase, at initial
density ϕg1 = 0.619. In this case, the dynamics is very different.
At all pressures P, the density quickly reaches a stationary value,
i.e. ϕ(tw) is independent of tw. This long-time value is reported
in the phase diagram of Fig. 1 as a function of pressure. This
line defines the equation of state of the glass basin selected by the
initial (dynamically arrested) configuration, followed out of equi-
librium as a function of the imposed pressure50. Our results are
consistent with a previous determination, obtained in Ref. 56.
In Fig. 2f, we report the dynamics of the MSD ∆(t, tw) after the
crunch from ϕg1 , which is also very different than the one from
the liquid. For pressures slightly larger, but close to the initial
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equilibrium value (e.g. P = 46), after a short initial transient,
no aging is observed. The MSD becomes stationary, i.e. ∆(t, tw)
is independent of tw, but it shows no diffusive behavior at large
times t. Instead, the plateau extends at infinite times, indicat-
ing that the system has reached equilibrium within a restricted
portion of phase space that defines a glass basin26,29. The same
behavior is observed for all pressures P. 97. For pressures P≈ 97
and above, a different behavior is observed: the plateau does not
extend to infinite times, but at large values of t the MSD departs
from the plateau to reach higher values, in a tw-dependent man-
ner. However, a fully diffusive regime is never observed, and the
MSD seems to saturate at a higher plateau. These results are con-
sistent with the expectation based on mean field theory in pres-
ence of a Gardner transition29, and with the numerical results of
Refs. 55,56.
In Fig. 2g, we report the dynamics of the MSD between dif-
ferent clones, ∆AB(tw). We find that, differently from the crunch
from the liquid, in this case ∆AB(tw) overshoots, as an effect of
the compression, and then saturates to a small value, that is al-
ways of the same order of magnitude as ∆(t, tw). In particular,
for the lower pressures P . 97, the long tw limit of ∆AB(tw) co-
incides with the long t limit of ∆(t, tw) (which is independent of
tw for large enough tw), indicating that the glass basins is sam-
pled ergodically8,29,50,55,56. Around P ≈ 97, the long time limits
of ∆AB(tw) and ∆(t, tw) separate, while remaining of the same or-
der of magnitude, indicating that the two clones are falling into
distinct sub-regions of the same glass basin55–58,60.
To highlight this separation process, in Fig. 2h we report the
values of ∆AB(tw) and the long time limit of ∆(t, tw), for several
values of tw, as a function of pressure P. The two values coincide
at all tws for P. 97 (with the exception of the liquid point where
some remanent diffusion is observed at the longest times), while
they separate above this value, their separation increasing upon
increasing tw. This indicates that a sharp dynamical crossover is
taking place around P≈ 97, which defines the (average) Gardner
crossover point for the glass basins selected at initial density ϕg1 .
The results for the other initial density ϕg2 , which can be found in
the Appendix, are qualititatively similar, with the only difference
that the Gardner crossover is shifted to higher pressures56.
In summary, the analysis of the dynamical evolution of the
density and of the MSD after a sudden crunch allows one to
clearly distinguish between (i) the standard aging from the liquid
phase at ϕ`, which is observed at all pressures and corresponds
to each clone sampling independently the emergence of distinct
metastable “threshold” states, and (ii) the aging from a dynam-
ically arrested liquid configuration at ϕg1 or ϕg2 , which is only
observed at pressures larger than a well-defined crossover point,
and corresponds to the same glass basin breaking into a set of
distinct sub-regions, explored by distinct clones.
3.3 Clone (spin-glass) susceptibility
The structure of sub-regions observed within the glass basin
might be due to localised defects, i.e. small groups of particles
that can be in two distinct local energy minima, leading to small
barriers57,58,74,75, or to extended defects, leading to collective re-
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Fig. 3 Clone (spin-glass) susceptibility. We show the values of the sus-
ceptibility defined in Eq.(5) for the ergodic liquid (ϕ` = 0.565) as function
of tw in (a) and for different tw as function of 1/P in (b). In the bottom
panels (c,d) we show the same curves for the dynamically arrested liquid
(ϕg1 = 0.619). While χAB is essentially insensitive to all tw and P in the
liquid, in the glass this behavior is only observed at low pressures, and
a strong growth of the susceptibility is observed for P & 97. As a guide
to the eye, we have included the value of the position of the Gardner
crossover for this ϕg estimated in Ref. 56 as a vertical dashed line, and
an arrow to indicate the initial pressure. Most of the susceptibilities were
computed using Ns = 20 samples and Nc = 41 clones, with the exception
of the curves for ϕg1 for P ≥ 115, where Ns = 40 samples and Nc = 81
clones were used.
arrangements and higher barriers, as predicted by mean field in
spin-glasses16 and in particle systems29,42. A good way to dis-
criminate between these two scenarios is to investigate the sus-
ceptibility χAB(tw) defined in Eq. (5), associated to the displace-
ment between distinct clones, also known as spin-glass suscep-
tibility in spin-glass physics. A small value of χAB(tw) indicates
small spatial correlations, suggesting localised defects57,58, while
a large χAB(tw) indicates large-scale spatially correlated, collec-
tive excitations56.
In Fig. 3a we report χAB(tw) as a function of tw for several
pressures, for a crunch from the ergodic liquid at initial density
ϕ` = 0.565. In Fig. 3b, the same data are plotted as a function
of 1/P for several values of tw. For the lowest pressure P = 19,
χAB(tw) grows but then reaches a maximum and decreases, indi-
cating full decorrelation of the clones at long times. This behav-
ior is reminiscent of the well-studied dynamical heterogeneities
that characterise the liquid phase upon approaching the dynam-
ical transition23,76. For larger pressures, the susceptibility is al-
ways increasing with tw, but the growth is modest (approximately
a factor of 2) and roughly independent of pressure. In Fig. 3b it
is clearly seen that the aging is qualitatively similar at all pres-
sures, and no crossover is detected. This is consistent with Fig. 2b
and with the standard properties of aging after a quench from
the liquid phase, in which distinct clones are expected to explore
distinct (hence uncorrelated) threshold states72. Note that the
existence of a Gardner-like crossover in this regime has been pro-
posed in Ref. 14, but the crossover is expected to be very weak
and difficult to detect in numerical simulations. We leave a more
detailed investigation of this crossover for future work.
Journal Name, [year], [vol.],1–13 | 5
010
20
30
40
50
0 0.01 0.02 0.03 0.04 0.05 0.06
Pd
a
0
10
20
30
40
50
0 0.01 0.02 0.03 0.04 0.05 0.06
b
Pdχ
A
B
(t
w
/1
00
=
21
6
)
1/P
ϕ` = 0.565
ϕg1 = 0.619
ϕg2 = 0.630
χ
(t
,t
w
/1
00
=
21
5
)
1/P
ϕ` = 0.565
ϕg1 = 0.619
ϕg2 = 0.630
Fig. 4 Susceptibilities along the compression. We show χAB(tw) (a)
and χ(t, tw) (b) for the largest accessible times, as functions of 1/P, for
the three compression lines studied. We include the position of the dy-
namical transition Pd as a vertical dashed line.
5
10
15
20
25
30
35
40
45
50
(`)
(g1)
a
5
10
15
20
25
30
35
40
45
50
b
0
5
10
15
20
25
30
35
103 104 105 106 107
c
0
5
10
15
20
25
30
35
103 104 105 106 107
d
χ
m A
B
(t
w
)
samples
average
χ
m
(t
,t
w
/1
00
=
21
5
) samples
average
χ
m A
B
(t
w
)
tw
samples
average
χ
m
(t
,t
w
/1
00
=
21
5
)
tw
samples
average
Fig. 5 Sample-to-sample fluctuations. We show the individual sample
estimations of (a,c) χmAB(tw), defined in Eq. (6), and (b,d) χ
m(t, tw), de-
fined in Eq. (4), for ϕ` at P= 74 and ϕg1 at P= 193 obtained by averaging
over 41 and 81 clones respectively. The sample averages are also shown
as thick black line-points, which are also reported in Fig. 3.
A very different behavior is observed when the crunch is from
the dynamically arrested phase, at ϕg1 = 0.619, as reported in
Fig. 3c. In this case, at low pressure χAB(tw) is roughly constant,
while at high pressure we observe a sharp and continuous in-
crease of χAB(tw) upon increasing tw, by a factor of ≈ 10 for the
largest pressures, over the accessible time window. The growth is
initially faster, and then crosses over to a slower regime, roughly
logarithmic in tw. The same data are shown in Fig. 3d as a func-
tion of 1/P for several tw, which makes clear that there is a sharp
crossover around P≈ 97, as observed in the MSD. For P. 97, no
growth of χAB(tw) is observed, while a sharp growth is observed
for P & 97. While we do not observe a sharp divergence of the
susceptibility, the crossover point is roughly consistent with the
values reported in Ref. 56, where the crossover was estimated by
a different method.
To summarize these results, in Fig. 4a we report χAB(tw) for
the largest tw, as a function of inverse pressure 1/P, for the
crunches from the three initial states at ϕ`, ϕg1 , and ϕg2 . This
plot clearly shows that no correlation between clones is observed
in the crunch from the ergodic liquid, while a large correlation
builds up in the crunches from the dynamically arrested phase,
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Fig. 6 Dynamical susceptibility. We show the values of the dynamical
susceptibility defined in Eq.(5), for the largest available tw, as function
of t in (a,c) and for different t as function of 1/P in (b,d). Contrary to
Fig. 3, a strong dependence of χ with P and tw is observed in the crunch
from the ergodic liquid (a,b), which corresponds to the well-known dy-
namical heterogeneities. The curves for the dynamically arrested liquid
(ϕg1 = 0.619) are shown in (c,d) displaying the same qualitative behavior
than χAB. These quantities are computed using Ns = 20 samples and
Nc = 41 clones, with the exception of the curves for ϕg1 and P ≥ 105,
where Ns = 40 samples were used.
below the Gardner crossover. Furthermore, the Gardner crossover
is found to shift at higher pressures for denser initial states, con-
sistently with the theory27,29,50 and with earlier numerical results
on the same system56 illustrated in Fig. 1.
Before concluding this Section, we would like to stress that
despite the relatively smooth behavior of χAB(tw), we find very
strong sample-to-sample fluctuations in the estimations of this
quantity on each individual sample, that is, in the χmAB defined
in Eq. (6). Furthermore, we observe diverse qualitative evolu-
tions of χmAB with tw, which can: (i) grow fast with time, (ii) grow
at short times and decrease afterwards or (iii) remain essentially
constant. We show the evolution of these individual sample sus-
ceptibilities in Fig. 5(a,c), but we leave a more systematic inves-
tigation of sample-to-sample fluctuations for future work.
3.4 Dynamical susceptibility
The clone susceptibility χAB(tw) is easily studied in numerical sim-
ulations, but it is very hard to measure in experiments, because
one cannot prepare two clones of the system starting in the same
initial configurations with different velocities. A solution that was
adopted in the granular experiment of Seguin and Dauchot60 was
to perform compression/decompression cycles. Here, we discuss
another possible solution, which consists in investigating the dy-
namical susceptibility χ(t, tw) for a single clone of the system. This
observables is straightforward to measure in experiments, pro-
vided one is able to repeat the experiment a sufficient number of
times to obtain a proper averaging over clones or samples.
In Fig. 6 we report the dynamical susceptibility, for a fixed value
of tw (the largest one we can access), as a function of time t. In
the case of a crunch from the ergodic liquid (Fig. 6a), the system
performs standard aging, and the dynamical susceptibility is dif-
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evolution of packing fraction ϕ for different system sizes N as a function
of the scaled variable tw/N. The curves collapse, showing that the com-
pression rate is N dependent in our set-up. In figure (b) we show χAB
for different N as function of the same variable, showing that the curves
collapse during the compression (short times) but not at longer times,
where the density stabilises to its final value. In this regime, larger N
have slower compression rates, hence older effective age, correspond-
ing to a higher χAB. This effect might be mixed with genuine finite size
effects. In the inset (c) we show the same curves but plotted versus the
non-scaled tw, showing that the higher system sizes roughly collapse to
the same curve. In all cases, Ns = 20 and Nc = 41 were used.
ferent from the clone one: it displays a maximum as a function
of t, and then decreases, at least for the lowest pressures. For the
higher pressures, we believe that the time scale at which χ(t, tw)
decreases has fallen outside the accessible time window. Also, the
susceptibility reaches larger values. This is associated to the well
know dynamical heterogeneities that develop in this regime23,76.
When plotted as a function of inverse pressure 1/P (Fig. 6b), the
susceptibility is found to be time-dependent at all pressures, and
no sharp crossover is visible, confirming that in this case the aging
is qualitatively similar at all pressures.
Instead, in the case of a crunch from the dynamically arrested
phase (Fig. 6b), the behavior of χ(t, tw) is qualitatively very simi-
lar to the one of the clone susceptibility reported in Fig. 3. When
plotted as a function of inverse pressure 1/P (Fig. 6d), the sus-
ceptibility is found to increase with t at pressures larger than the
Gardner crossover, and to remain small and independent of t at
pressure below it. We thus conclude that in this case a dynam-
ical susceptibility measurement, for an appropriate value of tw,
provides similar information to a measurement of the clone sus-
ceptibility. A direct comparison of the two susceptibilities is given
in Fig. 4. We also show the sample-to-sample fluctuations of this
observable in Fig. 5(b,d).
3.5 Finite size effects
In Fig. 7 we discuss the robustness of our results against finite
size effects by varying the number of particles N. As discussed in
Section 2, the constant-pressure Monte Carlo code uses moves of
δV ∝ 1/N in order to keep a constant acceptance rate. As a result,
the compression rate scales as 1/δV ∝ N as we show in Fig. 7a
where the densification process is found to be independent of
system size, once the time is rescaled by N. We show χAB(tw)
as function of the same scaling variable in Fig. 7b, showing that
all curves collapse at short times, during the compression process.
At longer times, once ϕ(tw) has stabilised, larger system display a
faster growth of the susceptibility, which is unexpected. Indeed,
as long as the correlation length ξ (tw) remains much lower than
the linear size of the simulation box L, the growing of the amor-
phous domains should be independent of N. It might be that the
linear size is not large enough to eliminate completely the finite
size effects: indeed, in spin-glasses it has been estimated that one
needs to simulate systems with L> 7ξ (tw) in order to avoid these
effects77. This observation might also be related to our simulation
set-up: larger systems have slower compression rate, hence larger
effective age, corresponding to larger χAB(tw). Indeed, while the
compression is N-dependent, the exploration of the cages is not,
which makes hard to compare the different system sizes at the
same physical time. In fact, if we plot the same curves as a func-
tion of tw instead of tw/N (Fig. 7c), we can see that the curves for
the two largest N collapse. Based on this discussion, we believe
that the use of the value of N = 1000 is enough for the purpose of
our investigation.
4 Results: spin glass
4.1 Details of the simulation
To obtain a direct comparison of hard spheres and a spin-glass
in a field, we performed Monte Carlo simulations of an Edwards-
Anderson spin-glass model in an external magnetic field16, using
the Metropolis algorithm. Our 3d system is defined on a cubic
lattice with linear size L = 24 and periodic boundary conditions.
The Hamiltonian is
H =−∑
〈i, j〉
Ji jsis j−H∑
i
si , (7)
where si =±1 are spin variables located on the vertices of the lat-
tice, the first sum is over nearest neighbors on the lattice, and the
Ji j are i.i.d. quenched random variables that take the value ±1
with equal probability. We studied the system with fields H = 0.1
and H = 0.2. For each value of temperature and field, we simu-
late Ns = 1280 samples (independent realisation of the disorder
Ji j) and Nc = 4 clones. Each clone is prepared at tw = 0 at infinite
temperature, i.e. in a random spin configuration, and instanta-
neously quenched at the final temperature T , where its dynamical
evolution is followed.
4.2 Mapping between spin-glasses and structural glasses
In Fig. 8 we report the overlap dynamics of the spin-glass, where
the overlap q(t, tw) = (1/N)∑i〈si(t + tw)si(tw)〉 is equal to 1 for
identical configurations {si(tw)} and {si(tw+ t)}, and smaller than
1 otherwise. The quantity 1− q(t, tw) is then equivalent of the
mean-square displacement for particle systems, as both quanti-
ties measure the distance in phase space between configurations,
and both increase for increasingly different configurations. The
same reasoning can be applied to the clone overlap qAB(tw) =
(1/N)∑i〈sAi (tw)sBi (tw)〉.
For both values of the external field H, we observe that at high
temperature the clone overlap converges to a value independent
of tw, while the dynamical overlap becomes tw independent and
its long time limit q(t → ∞, tw → ∞) coincides with the one of
qAB(tw → ∞) (Fig. 8a,d). This implies that phase space is sam-
pled ergodically in the high temperature phase. Upon lowering
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Fig. 9 Susceptibility for the spin glass in a field. We show results for
the spin glass susceptibility in a field defined in Eq. (8) for two different
values of the field H = 0.1 (top panels) and H = 0.2 (bottom panels). In
panels (a,c) we show the evolution with tw for different temperatures and
in (b,d) the same data but plotted versus T for several tw.
the temperature, for both values of H, we observe that a sec-
ond plateau emerges in q(t, tw), and aging appears at large values
of t (Fig. 8a,d). Correspondingly, the long-time limits of q(t, tw)
and qAB(tw) separate (Fig. 8b,e). The separation becomes more
evident when the long time limits are plotted as a function of
temperature (Fig. 8c,f). The dynamical crossover temperature is
lower for larger values of magnetic field.
Based on these results, let us discuss briefly the mapping be-
tween structural glasses and spin-glasses in an external field, re-
ferring to Refs. 62,63 for more details. In spin-glasses, a realisa-
tion of the quenched disorder Ji j defines a sample. Each sample
has a single ergodic (paramagnetic) free energy basin at high tem-
perature, and undergoes a crossover to a non-ergodic fractured
(spin-glass) basin at low temperatures. In structural glasses, the
role of quenched disorder is played by the initial condition, pro-
vided one is in the dynamically arrested phase. In that phase,
each initial configuration belongs to a single glass basin, that can
be identified with the paramagnetic basin of the spin-glass. Upon
increasing pressure, the glass basin fractures into a non-ergodic
basin, akin to the spin-glass phase. The similarity of the spin-glass
results in Fig. 8 with the structural glass ones in Fig. 2 (lower line,
corresponding to a crunch from the dynamically arrested liquid)
confirm this picture.
Note that this reasoning does not hold for the structural glass
if the initial configuration is in the ergodic liquid phase. In that
case, the initial configuration does not belong to a glass free en-
ergy basin: it is free to explore all the liquid phase space, and
upon compression the physics is very different, as metastable
states form abruptly and trap the dynamics giving rise to a stan-
dard discontinuous glass transition. The observed phenomenol-
ogy (Fig. 2, upper line) is, indeed, different.
4.3 Spin-glass susceptibility
In Fig. 9a,c we report the spin-glass susceptibility
χSG(tw) =
[
∑
i j
[
〈
ui(tw)u j(tw)
〉−〈ui(tw)〉〈u j(tw)〉]
]
, (8)
with ui(tw) = sAi (tw)s
B
i (tw), which is the equivalent of the clone
susceptibility for the hard sphere case. For both values of the
field H, we observe that at high temperature the susceptibility is
roughly constant. Upon lowering the temperature, the suscepti-
bility starts increasing with tw, and it saturates to a larger and
larger value. At some point, the saturation time exceeds the ac-
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cessible time of the simulation, and the susceptibility constantly
increases in a roughly logarithmic manner. For even lower tem-
perature, we observe that the increase remains roughly logarith-
mic, but with a smaller and smaller prefactor, indicating that the
aging slows down. The latter phenomenon is not observed in our
hard sphere samples. We presume that this is due to the fact that
we cannot reach sufficiently large pressures.
The same data can be plotted as a function of T for various tw
(Fig. 9b,d). For small tw, the susceptibility displays a maximum
around the point where aging begins (the equivalent of the Gard-
ner crossover), once again due to the fact that the aging slows
down at very low temperatures. Upon increasing tw, the maxi-
mum grows and shifts progressively to lower temperatures. Note
that this maximum is only observed in the hard sphere case at
short tw (see e.g. the data for tw/100= 29 in Fig. 3d), presumably,
as already mentioned, because of the limited range of pressures:
upon increasing tw the maximum shifts to higher pressures and
falls out of the accessible range.
5 Conclusions
In this paper, we studied the dynamics of a polydisperse 3d hard
sphere glass. The glass was prepared either in the ergodic liquid
phase, at densities below the dynamical (or MCT) transition, or in
the dynamically arrested phase above it. Then, the system was in-
stantaneously crunched to a higher pressure, and the subsequent
aging dynamics was investigated.
The crunch dynamics from the ergodic liquid phase is in agree-
ment with previous studies performed in this regime. Different
realisations of the dynamics (clones) evolve towards decorrelated
threshold states, that progressively trap the dynamics. The dis-
tance between clones ∆AB(tw) is large, while the mean square
displacement ∆(t, tw) of a single clone displays aging at all pres-
sures. The clone susceptibility χAB(tw) is featureless, while the
dynamical susceptibility χ(t, tw) grows at all pressures indicating
the presence of dynamical heterogeneities, which, in mean field,
is due to the criticality of the threshold states72.
The crunch dynamics from the dynamically arrested phase is
instead very different. Here, initial configurations are already
trapped in a glass basin before the crunch. If the crunch is to
a pressure moderately higher than the initial one, P . PG, then
one observes a fast relaxation dynamics to a new state in which
the glass basin is ergodically sampled at the higher pressure. In
this case, no aging is observed and the susceptibilities remain
small. Furthermore, the long time limits of ∆AB(tw → ∞) and
∆(t → ∞, tw → ∞) coincide, and the same happens for the sus-
ceptibilities. By crunching at higher pressures P & PG, we ob-
serve instead that the glass basin becomes fractured in sub-basins,
leading to the emergence of long time scales, and the associated
aging. At the same time, the susceptibilities grow, indicating the
cooperative nature of the excitations that lead to crossing barriers
between sub-states in a basin.
We identify the pressure PG as a Gardner crossover, reminis-
cent of the Gardner phase transition predicted by mean field the-
ory27,29. However, we note that in our 3d simulations the growth
of the susceptibility χAB(tw) with tw is very slow (logarithmic in
time), which hinders the possibility of observing large values of
χAB(tw) and thus deciding whether PG is a real phase transition
or just a sharp dynamical crossover.
The situation is very similar to the case of spin-glasses in an ex-
ternal magnetic field, where mean field predicts a sharp second-
order phase transition16, while numerical simulations observe a
slowly growing spin-glass susceptibility66 and are unable to de-
cide on the existence of a transition78. When plotting χSG(tw)
as a function of T , one observes a maximum that slowly grows
with increasing tw (suggesting a phase transition), but also slowly
shifts to lower temperatures (suggesting that the critical point
might be only at T = 0). Unfortunately, both processes happen
very slowly (logarithmically) with increasing tw, so that it is not
possible to extract reliably the asymptotic behavior. While on the
observational time scales, it is clear that some cooperative phe-
nomenon is taking place, deciding on whether this phenomenon
is of thermodynamical or dynamical nature is very difficult. Our
data strongly suggest that the situation is very similar in the 3d
hard sphere glasses, supporting the idea that the two systems
could be in the same universality class, as suggested by theoreti-
cal arguments48,62–64. Unfortunately, due to the limited pressure
range of the hard sphere simulation, the maximum in χAB(tw) is
less evident than in the spin-glass case.
Finally, we note that in the crunches from the dynamically ar-
rested liquid phase, we find strong indications that the system is
not able to leave the original glass basin in which it is trapped in
equilibrium: the particle displacements always remain very small
(less than a tenth of the average particle diameter, see Fig. 2f).
Thus, no activated events in which the system jumps among dis-
tinct glass basins are observed in our simulations, which prevents
us from testing the ideas developed in Ref. 67 about RFOT-like
nucleation and the associated buckling instabilities in hard sphere
glasses.
We conclude that 3d colloidal and granular glasses display spin-
glass like aging beyond the Gardner crossover, located deeply in
the off-equilibrium glass phase. The aging is associated to collec-
tive excitations that are responsible for many anomalies of the
solid phase. Unfortunately, as in the spin-glass, equilibration
times grow very fast, and a systematic study of the crossover
as a function of system size and tw is impossible with current
computers. Yet, an interesting direction for future work would
be to perform more systematic studies of the sample-to-sample
fluctuations, that are known to be highly non-trivial in spin-
glasses. Another interesting future direction would be to study
the nature of the Gardner transition in equilibrium63 as in the
Edwards-Anderson model78,79, using the replica exchange algo-
rithm (parallel tempering) for small systems80,81 (with tempera-
ture replaced by pressure). This might shed additional light on
the nature of the crossover.
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Appendix
A Additional results for the crunches
In the main text we showed three off-equilibrium glass equations
of state corresponding to instantaneous compressions from two
dynamically arrested liquid configurations and one ergodic liq-
uid configuration. In general, one expects that all the quenches
from the ergodic liquid phase are equivalent, but this is only true
if the starting point is far enough from the dynamical transition
point, here ϕd ∼ 0.594. To study this effect, we have also repeated
the same protocol described in the main text, but this time start-
ing from equilibrium ergodic liquid configurations at ϕ`2 = 0.59,
which is relatively near ϕd. We show in Fig. A1 its off-equilibrium
equation of state, together with the other three lines. From the
data, it is clear that the new line extrapolates to a significantly
higher jamming point, but also its slope becomes more similar to
the one described by the two glass lines obtained from dynam-
ically arrested configurations. Despite this, the dynamics along
this `2−line are more similar to that of the crunches from the er-
gogic liquid discussed in the main text, as we show in Fig. A2. For
completeness, we also include in Fig. A2 the data for the g2-line
not shown in the main text.
B On the number of samples and clones
As discussed in the manuscript, we used two kinds of statistical
averages: on the Nc clones, denoted by 〈•〉, to compute the dy-
namical averages, and on the Ns samples, denoted by •, to com-
pute the averages over the disorder (here initial configurations
of the equilibrium liquid). In this section we discuss the depen-
dence of the statistical errors on the susceptibilities, as function of
Nc and Ns, which could be useful for the design of future studies.
This is particularly relevant for experimental tests, where increas-
ing Ns is technically much simpler than Nc.
In the following, the statistical error of a susceptibility χ is des-
ignated as δχ, and corresponds to the statistical error of the av-
erage of this magnitude over all the samples and/or clones. In
Fig. A3a we show the dependence on Nc of the relative statistical
error of both χmAB(tw) and χ
m(t, tw), defined in Eqs. (6) and (4)
respectively. For each sample, we consider the largest available
times t and tw. We first compute the error δχm on the determina-
tion of χm for a given sample m using Nc clones, and we then take
the average δχm/χm over the samples m. An additional average
over all pressures P > 97 is taken at the end, to obtain cleaner
data. Note that the computation of χmAB defined in Eq. (6) re-
quires at least two clones, Nc = 2. If Nc > 2, averages over all
the possible pairs Nc(Nc − 1)/2 of clones A− B are considered.
Yet, all these pairs are not statistically independent. We tackled
this problem by constructing Nc blocks containing all the couples
that contained one particular clone. The error is later extracted
from the fluctuations between these blocks using the jack-knife
method. Fig. A3a shows that, indeed, the error decays as E /
√
Nc
in both cases. Yet, due to the average over many pairs of clones,
the prefactor E of χAB is smaller than that of χ, which is com-
puted using single clones. We conclude that, as expected, a large
Nc allows one to obtain a perfect determination of the susceptibil-
ity χm of individual samples m. With Nc = 81 clones, the statistical
error is of the order of 7% for χmAB(tw) and of 20% for χ
m(t, tw).
Next, we discuss the sample-to-sample fluctuations. To this
aim, we now consider the sample-averaged susceptibilities de-
fined in Eqs. (5) and (3), and their associated statistical errors
assotiated to the average of χm over samples m. The relative er-
ror δχ/χ is reported in Fig. A3b for χmAB(tw) and in Fig. A3d for
χm(t, tw), again considering the largest available times and aver-
aging over pressures P > 97. In both cases, we observe that in a
crunch from the ergodic liquid phase, the error decays as 1/
√
Ns,
which indicates that in this case samples and clones are equiva-
lent. This is coherent with the discussion of the main text. In the
dynamically arrested phase, instead, for a given Ns the error satu-
rates upon increasing Nc. In fact, the error on individual samples
becomes very small for large Nc, as discussed in Fig. A3a, but the
error remains finite due to sample-to-sample fluctuations which,
as expected, are present in this case (as discussed in the main text
around Fig. 5). Upon increasing the number of samples Ns, the
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Fig. A2 Dynamics after a crunch for the additional lines. Same as Fig. 2 for the two other initial states, ϕ`2 = 0.59 (top) and ϕg2 = 0.630 (bottom).
error decays as 1/
√
Ns, as expected.
Finally, we discuss the determination of χ in the case where
no clone can be constructed, as it would be most often the case
in experiments. Note that in this case, the definition of Eq. (3)
is not longer valid, as in presence of a single clone one would
have χ(t, tw) = 0 by construction. A slight variation must then be
considered
χd(t, tw) =
∑i j[ui(t, tw)u j(t, tw)−ui(t, tw) u j(t, tw)]
∑i[ui(t, tw)2−ui(t, tw)2]
, (A1)
where here the average is over the Ns samples, with a single clone
per sample. We checked that, in our simulations, the differences
between χ and χd are within the errorbars of χ. In Fig. A3c
we show the relative statistical error on the determination of χd
which, as expected, decays as 1/
√
Ns.
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Fig. A3 Relative error of the susceptibility as function of Nc and Ns.
Throughout the figure, we show data averaged over pressures P > 97
on the ergodic liquid line ϕ` as dashed lines, and over the dynamically
arrested line ϕg1 as solid lines. In panel (a) we show the relative error
over clones of the sample estimate for χmAB (defined in Eq. (6)) and χ
m
(defined in Eq. (4)) averaged over all the samples. In panels (b,d), we
show for different number of samples Ns the relative error over samples
of (b) χAB defined in Eq. (5), and (d) χ defined in Eq. (3). In panel (c) we
show the relative error over samples for χd (that allows one to avoid the
cloning procedure), defined in Eq. (A1).
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